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Abstract. Due to the wide availability of huge data collection comprising 

multiple sequences that evolve over time, the process of adapting the classical 

data-mining techniques, making them capable to work into this new context, 

becomes today a strong necessity. In [1] we proposed a methodology permitting 

the application of a classification tree on sequential raw data and the extraction 

of the rules having a temporal dimension. In this article, we propose a 

formalism based on temporal first logic-order and we review the main steps of 

the methodology through this theoretical frame. Finally, we present some 

solutions for a practical implementation.  

1. Introduction 

Data mining is defined as an analytic process designed to explore large amounts of 

(typically business or market related) data, in search for consistent patterns and/or 

systematic relationships between variables, and then to validate the findings by 

applying the detected patterns to new subsets of data. Due to the wide availability of 

huge amounts of data in electronic form, and the imminent need for turning such data 

into useful information and knowledge for broad applications including market 

analysis, business management and decision support, data mining has attracted a great 

deal of attention in information industry in recent years. 

In many applications, the data of interest comprises multiple sequences that evolve 

over time. Examples include financial market data, currency exchange rates, network 

traffic data, sensor information from robots, signals from biomedical sources like 

electrocardiographs, demographic data from multiple jurisdictions, etc. Although 

traditional time series techniques can sometimes produce accurate results, few can 

provide easy understandable results. However, a drastically increasing number of 

users with a limited statistical background would like to use these tools. Therefore, it 

becomes increasingly important to be able to produce results that can be interpreted 

by domain expert without special statistical training. In the same time, we have a 

number of tools developed by researchers in the field of artificial intelligence, which 

produce understandable rules. However, they have to use ad-hoc, domain-specific 

techniques for "flattering" the time series to a “learner-friendly” representation. These 
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techniques fail to take into account both the special problems and special heuristics 

applicable to temporal data and so often unreadable concept description are obtained.  

1.1 State of the Art 

The main tasks concerning the information extraction from time series database and 

on which the researchers concentrated their efforts over the last years may be divided 

into four directions.  

1. Similarity/Pattern Querying. The main problem addressed by this body of research 

concerns the measure of similarity between two (sub-) sequences. Different models 

of similarity were proposed, based on different similarity measures (Euclidean 

metric [2], [3], envelope metric (  || YX )). Different methods were developed 

(window stitching [4], dynamic time warping based matching [5]) to allow 

matching similar series despite gaps, translation and scaling. For all methods, the 

quality of the results and the performance of the algorithms are intrinsically tied to 

the subjective parameter that is the user-specified tolerance .  

2. Clustering/Classification. In this direction, researchers studied optimal algorithms 

for clustering/classifying sub-sequences of time series into groups/classes of 

similar sub-sequences. Different techniques were developed, as the Hidden 

Markov Model [6], Dynamic Bayes Networks [7] or the Recurrent Neural 

Networks [8]. Recently, the machine learning approach opened new directions. A 

system for a supervised classification of signals using piecewise polynomial 

modeling was developed in [9] and a technique for agglomerative clustering of 

univariate time series representation was studied in [10]. 

3. Pattern finding/Prediction. These methods, concerning the search for periodicity 

patterns in time series databases, may be divided into two groups: those that search 

full periodic patterns and those that search partial periodic patterns, which specify 

the behavior at some but not all points in time. For full periodicity search there is a 

rich collection of statistic methods, like FFT [11]. For partial periodicity search, 

different algorithms were developed which explore properties related to partial 

periodicity, like the a-priori property and the max-sub-pattern-hit-set property [12] 

or the segment-wise and the point-wise periodicity [13]. 

4. Rule extraction. Besides these, some researches were devoted to the extraction of 

explicit rules from time series. Inter-transaction association rules, proposed by Lu, 

[14] are implication rules whose two sides are totally ordered episodes with time-

interval restriction on the events. Cyclic association rules were considered in [15], 

adaptive methods for finding rules whose conditions refer to patterns in time series 

were described in [16] and a general architecture for classification and extraction 

of comprehensible rules was proposed in [17]. 

1.2 Aims and Scopes 

The real-world problem we tried to solve and which practically “pushed” us to 

develop our methodology consisted in the analysis of an insurance company’s 

database. The question was if it is possible, looking to data containing medical 



information, to find/extract rules of the form “If a person contracted an influenza 

necessitating more than five days of hospitalization, then with a confidence p the 

same person will contract, in the next three month, a serious lung-infection”. The size 

of the database (several Gigabytes) made the application of statistical tools very 

difficult. Therefore, we searched for alternative techniques to solve these kinds of 

problems. However, most approaches dealing with the information extraction from 

time series, described above, have mainly two shortcomings.  

The first problem is the type of knowledge inferred by the systems, which is very 

difficult to be understood by a human user. In a wide range of applications, (e.g. 

almost all decision making processes) it is unacceptable to produce rules that are not 

understandable for an end user. Therefore, we decided to develop inference methods 

that produce knowledge that can be represented in form of general Horn clauses, 

which are at least comprehensible for a moderately sophisticated user. In the fourth 

approach, (Rule extraction), a similar representation is used. However, the rules 

inferred by these systems have a more restricted form than the rules we are proposing. 

The second problem consists in the number of time series considered during the 

inference process. Almost all methods mentioned above are based on uni-dimensional 

data, i.e. they are restricted to one time series. The methods we propose are able to 

handle multi-dimensional data. 

To overcome these problems we developed [1] a methodology that integrates 

techniques developed both in the field of machine learning and in the field of 

statistics. The machine learning approach is used to extract symbolic knowledge and 

the statistical approach is used to perform numerical analysis of the raw data. The 

overall goal consists in developing a series of methods able to extract/generate/ 

temporal rules, having the following characteristics: 

 Contain explicitly a temporal (or at least a sequential) dimension 

 Capture the correlation between time series 

 Predict/forecast values/shapes/behavior of sequences (denoted events) 

In this article, we extended the methodology with a formalism based on first-order 

temporal logic, which permits an abstract view on temporal rules. The formalism 

allows also the application of an inference phase in which “general” temporal rules 

are inferred from “local” rules. The latter are extracted from the sequences of data. 

Using this strategy, we can guarantee the scalability of our system to handle huge 

databases, applying standard statistical and machine learning tools.   

The rest of the paper is structured as follows. In the next section, the formalism for 

the representation of events and temporal rules based on temporal logic is proposed. 

In Section 3, the main steps of the methodology are summary presented but in 

connection with the proposed formalism. Some specific problems concerning the 

practical implementation of the training sets and of the temporal rules are treated in 

the following section. The final section summarizes our work and points to future 

research.  



2. The Formalism of Temporal Rules 

Time is ubiquitous in information systems, but the mode of representation/perception 

varies in function of the purpose of the analysis [18], [19]. Firstly, there is a choice of 

a temporal ontology, which can be based either on time points (instants) or on 

intervals (periods). Secondly, time may have a discrete or a continuous structure. 

Finally, there is a choice of linear vs. nonlinear time (e.g. acyclic graph). For our 

methodology, we chose a temporal domain represented by linearly ordered discrete 

instants. This option is imposed by the discrete representation of all databases. 

DEFINITION 1. A single-dimensional linearly ordered temporal domain is a 

structure ),(  TTP , where T is a set of time instants and “<” a linear order on T. 

Because we may always find an isomorphism between T and the set of natural 

numbers, N, the temporal domain will be usually represented as (N, <). As 

consequence, there is an initial time moment (the first time instant), which is 0. 

Databases being first-order structures, the first-order logic represents a natural 

formalism for their description. Consequently, the first-order temporal logic expresses 

the formalism of temporal databases. For a better rigor and for a cleaner description of 

the used terms one may consider the following set of definitions. 

A first-order language L is constructed over an alphabet containing function symbols, 

predicate symbols, variables, logical connectives, temporal connectives and qualifier 

symbols. A constant is a zero-ary function symbol and a zero-ary predicate is a 

proposition symbol. There is a particular variable, T, representing the time. There are 

several special binary predicate symbols (  ,,,, ) known as relational symbols. 

The basic set of logical connectives is },{  from which one may express , and 

 . The basic set of temporal connectives are F (“sometime”), G (“always”), X 

(“next”) and U (“until”). From these connectives, we may derive kX , where a k 

positive means “next k” and a k negative means “previous k”.   

The syntax of L defines terms, atomic formulae and compound formulae. A term is 

either a variable or a function symbol followed by a bracketed n-tuple of terms 

( 0n ). A predicate symbol followed by a bracketed n-tuple of terms ( 0n ) is 

called an atomic formula, or atom. If the predicate is a relational symbol, the atom is 

called a relation. A compound formula or formula is either an atom or n atoms ( 1n ) 

connected by logical  (temporal) connectives and/or qualifier symbols. 

A Horn clause is a formula of the form )( 12121  mms BBBBXXX   

where each iB  is a positive (non-negated) atom and sXX ,,1  are all the variables 

occurring in 11 ,, mBB  . The atoms miBi 1,   are also called implication 

clauses, whereas 1mB  is also known as the implicated clause. 

DEFINITION 2. An event (or temporal atom) is an atom formed by the predicate 

symbol TE followed by a bracketed )1( n -tuple of terms )1( n ),,,,( 21 ntttTTE  . 

The first term of the tuple is the time variable, T, the second 1t  is a constant 

representing the name of the event and all others terms are function symbols. A short 

temporal atom (or the event’s head) is the atom ),( 1tTTE . 



DEFINITION 3. A constraint formula for the event ),,,( 21 ntttTTE   is a 

conjunctive compound formula, kCCC  21 , where each jC  is a relation 

implying one of the terms it .   

DEFINITION 4.  A temporal rule is a Horn clause of the form  

11  mm HHH   (1) 

where 1mH  is a short temporal atom and iH are constraint formulae, prefixed or 

not by the temporal connectives 0,  kX k . The maximum value of the index k is 

called the time window of the temporal rule. 

The semantics of L is provided by an interpretation I that assigns an appropriate 

meaning over a domain D to the symbols of L. The set of symbols is divided into two 

classes, the class of global symbols, having the same interpretation over all time 

instants (global interpretation) and the class of local symbols, for which the 

interpretation depends on the time instant (local interpretation). In the framework of 

temporal databases, the constants and the function symbols are global symbols, and 

represent real numbers (with an exception, strings for constants representing the 

names of events), respectively statistical functions. The events, the constraint 

formulae and the temporal rules are local symbols, which means they are true only at 

some time instants. We denote such instants by Pi , i.e. at time instant i the 

formula P is true. Therefore, ),,,( 1 nttTTEi   means that at time i an event with 

the name 1t  and characterized by the statistical parameters ntt ,,2   started (the 

meaning of the word “event” in the framework of time series will be clarified later). A 

constraint formula is true at time i iff all relations are true at time i. A temporal rule is 

true at time i iff either 1mHi  or )( 1 mHHi   . (Remark: PXi k  iff 

Pki  ).  

However, the standard interpretation for a temporal rule is not conforming to the 

expectation of a final user for two reasons. The first is that a user wants a global 

interpretation for rules, that is, rules that are “generally” true. The second is tied on 

the table of true for a formula qp  : even if p and q are false, the implication is still 

true. In a real application, a user search temporal rules where both the body, 

mHH 1 , and the head of the rule, 1mH , are simultaneously true.  

DEFINITION 5.  A model for L is a structure ),,
~

( IDTM p where pT
~

 is a finite 

temporal domain and D, (respectively I), the domain, respectively the interpretation 

for L. We denote by N the cardinality of pT
~

. 

DEFINITION 6.  Given L, a model M  for L and an infinite temporal domain pT  

that include pT
~

, a global interpretation GI  for an n-ary atom P is a function defined 

on nD with values in ]1,0[true . GI  assigns to P the boolean value “true” with a 

confidence  equal with the ratio NAcard /)( , where }|
~

{ PiTiA p  .  

The global interpretation is naturally extended to formulae, using the usual probability 

calculus to obtain the confidence ( )()()()( BAPBPAPBAP  ). There is 



only one exception: for temporal rules the confidence is calculated as a ratio between 

the number of certain applications  (time instants where both the body and the head of 

the rule are true) and the number of potential applications (time instants where only 

the body of the rule is true).  A useful temporal rule is a rule with a confidence greater 

than 0.5. 

DEFINITION 7. The confidence of a temporal rule )( 11  mm HHHT   is 

the ratio )(/)( BcardAcard , where }|
~

{ 11  mmp HHHiTiA   and 

}|
~

{ 1 mp HHiTiB   . 

3.  The Methodology 

The two scientific communities which made important contribution relevant to data 

analysis (the statisticians and database researchers) chose two different approaches: 

statisticians concentrated on the continuous aspect of the data and the large majority 

of statistical models are continuous models, whereas the database community 

concentrated much more on the discrete aspects, and in consequence, on discrete 

models. We are adopting here a mixture of these two approaches, which represents a 

better description of the reality of data and which generally allows us to benefit from 

the advantages of both approaches. However, the techniques applied by the two 

communities must be adapted in order to be integrated in our approach. 

The two main steps of the methodology of temporal rules extraction are structured in 

the following way: 

1. Transforming sequential raw data into sequences of events: Roughly speaking, an 

event can be regarded as a labeled sequence of points extracted from the raw data 

and characterized by a finite set of predefined features. The features describing the 

different events are extracted using statistical methods. 

2. Inferring temporal rules: We apply an inference process, using sets of events 

extracted from event database as training sets, to obtain several classification trees. 

Then temporal rules are extracted from these classification trees and a final 

inference process will generate the set of global temporal rules. 

3.1. The Phase One 

The procedure that creates an event database from the initial raw data can be divided 

into two steps: time series discretisation, which extracts the discrete aspect, and global 

feature calculation, which captures the continuous aspect. This phase totally defines 

the interpretation of the domain D and of the function symbols from L. 

Time series discretisation. Formally, during this step, the constant symbols 1t  (the 

second term of a temporal atom) receive an interpretation. Practically, all contiguous 

subsequences of fixed length w are classified in clusters using a similarity measure 

and these clusters receive a name (a symbol or a string of symbols). By a misuse of 

language, an event means a subsequence having a particular shape. There are cases 



when the database contains explicitly the names of events, like in our insurance case, 

where we identified the names of events by the names of diseases.    

All the methods which construct/find class of events depend on a parameter k which 

controls the degree of discretisation: a bigger k means a bigger number of events and 

finally, less understandable rules. However, a smaller k means a rough description of 

the data and finally, simple rules but without significance.  

Global feature calculation. During this step, one extracts various features from each 

sub-sequence as a whole. Typical global features include global maxima, global 

minima, means and standard deviation of the values of the sequence as well as the 

value of some specific point of the sequence, such as the value of the first or of the 

last point. Of course, it is possible that specific events will demand specific features, 

necessary for their description (e.g. the average value of the gradient for an event 

representing an increasing behavior). The optimal set of global features is hard to be 

defined in advance, but as long as these features are simple descriptive statistics, they 

can be easily added or removed form the process. From the formal model viewpoint, 

this step assigns an interpretation to the terms ntt ,,2   of a temporal atom. They are 

considered as statistical functions, which take continuous or categorical values, 

depending on the interpretation of the domain D. 

3.2. The Phase Two 

During the second phase, we create a set of temporal rules inferred from the events 

database. This database was obtained using the procedures described above. Two 

important steps can be defined here: 

1. Application of a first inference process, using the event database as training 

database, to obtain one or more classification trees and 

2. Application of a second inference process using the previously inferred 

classification to obtain the final set of temporal rules. 

Classification trees. There are different approaches for extracting rules from a set of 

events. Associations Rules, Inductive Logic Programming, Classification Trees are 

the most popular ones. For our methodology, we selected the classification tree 

approach. It is a powerful tool used to predict memberships of cases or objects in the 

classes of a categorical dependent variable from their measurements on one or more 

predictor variables (or attributes). A classification tree is constructed by recursively 

partitioning a learning sample of data in which the class and the values of the 

predictor variables for each case are known. Each partition is represented by a node in 

the tree. A variety of classification tree programs has been developed and we may 

mention QUEST [20], CART [21], FACT [22] and last, but not least, C4.5 [23]. Our 

option was the C4.5 like approach. The tree resulting by applying the C4.5 algorithm 

is constructed to minimize the observed error rate, using equal priors. This criterion 

seems to be satisfactory in the frame of sequential data and has the advantage to not 

favor certain events. To create the successive partitions, the C4.5 algorithm uses three 

forms of tests in each node: a "standard" test on a discrete attribute, with one outcome 

( xA  ) for each possible value x of the attribute A, a more complex test, also based 

on a discrete attribute, in which the possible values are allocated to a variate number 



of groups with one outcome for each group, and a binary test, for continuos attributes, 

with outcomes ZA and ZA , where A is the attribute and Z is a threshold value.  

The application of a classification tree algorithm is equivalent, as we will detail in the 

next section, with the choice of a model for the language L and the procedure that 

extract rules from the classification tree is equivalent with the creation of a global 

interpretation GI  and with the calculus of the confidence of temporal rules.  

Second inference process. Different classification trees, constructed starting with 

different training sets, generate finally different sets of rules. The process that tries to 

infer a general temporal rule from a set of rules implying the same class is similar to 

the pruning strategy for a classification tree. Consider two temporal rules 1R  and 2R  

having the same head and obtained from two different classification trees. Formally, 

this means we have two models, ),,
~

( 11 IDTM   and ),,
~

( 22 IDTM  , and the 

confidence for each rule was calculated on the corresponding model. If we denote by 

}{ iR  the set of implication clauses of the rule 2,1, iRi , then from the set of rules 

},{ 21 RR  on infer a general rule 2,1R having a body of the form )( 1 sCC   where 

}{ iii RC  . The confidence of the inferred rule is then calculated on the extended 

model ),,
~~

( 21 IDTTM  . If this confidence is at least equal with the minimum 

confidence for the initial rules, the general rule is kept, if not, it is rejected. 

4. Implementation Problems  

Before we can start to apply the decision tree algorithms to an event database, an 

important problem has to be solved first: establishing the training set. An n-tuple in 

the training set contains n-1 values of the predictor variables (or attributes) and one 

value of the categorical dependent variable, which represents the class.  

Each time series from the initial database was “translated”, during the first phase, into 

a sequence of events. As the classification tree algorithm demands, one of these event 

series must represent the dependent variable. There are two different approaches on 

how the sequence that represents the classification (the values of the categorical 

dependent variable) is obtained. In a supervised methodology, an expert gives this 

sequence (e.g., in our insurance case, a physician). The situation becomes more 

difficult when there exists no prior knowledge about the possible classifications.  

Suppose that our database contains a set of time series representing the evolution of 

stock price for different companies. We are interested in seeing if a given stock value 

depends on other stock values. As the dependent variable (the stock price) is not 

categorical, it cannot represent a classification used to create a classification tree. The 

solution is to use the sequence of the names of events extracted from the continuous 

time series as the sequence of classes.  

Lets suppose we have k time series representing the predictor variables ksss ,, 21 . 

Each njkisij ..1,..1,   is an event. We have also a sequence cncc sss ,1  

representing the classification. The training set will be constructed using a procedure 

depending on three parameters. The first, 0t , represents a time instant considered as 



present time. Practically, the first tuple contains the class 
0cts  and there is no tuple in 

the training set containing an event that starts after time 0t . The second, pt , 

represents a time interval and controls the further back in time class )( 0 pttcs   included 

in the training set. Consequently, the number of tuples in the training set is 1pt . 

The third parameter, h, controls the influence of the past events )()1( ,, htiti ss    on 

the actual event its . This parameter (history) reflects the idea that the class cts  

depends not only on the events at time t, but also on the events started before time t. 

Finally, each tuple contains )1( hk  events and one class value. The first tuple is 

0000
,,,,, )()(11 cthtkhtt ssss    and the last )()()(1 000

,,,
ppp ttchttktt sss   . The set 

of time instants at which the events included in the training set start may be structured 

as a finite temporal domain pT
~

. The cardinality of pT
~

 is 1 ht p . Therefore, the 

selection of a training set is equivalent with the selection of a model for L and, 

implicitly, of a global interpretation GI . As a remark, the parameter h has also a side 

effect on the final temporal rules: because the time window of any tuple is h, the time 

window for temporal rules cannot exceed h.  

Because the training set depends on different parameters, the process of applying the 

classification tree will consist in creating multiple training sets, by changing these 

parameters. For each set, the induced classification tree will be "transformed" into a 

set of temporal rules. 

To adopt this particular strategy for the construction of the training set, we made an 

assumption: the events ,..1, kisij   j a fixed value, start all at the same time instant. 

Formally, this is equivalent with ,ijsj for all ki ..1 . The same assumption 

permits us to solve another implementation problem: the time information is not 

processed during the classification tree construction, (time is not a predictor variable), 

but the temporal dimension must be captured by the temporal rules. The solution we 

chose to “encode” the temporal information is to create a map between the index of 

the attributes (or predictor variables) and the order in time of the events. The )1( hk  

attributes are indexed as },,,,,,{ 1)1(210 hkhh AAAAA  . Suppose that the set of 

indexes of the attributes that appear in the body of the rule is },,{ 0 mii  . This set is 

transformed into the set },,{ 0 mii  , where “ i ” means “i modulo (h+1)”.  If 0t  

represents the time instant when the event in the head of the rule starts, then an event 

from the rule’s body, corresponding to the attribute 
jiA , started at time jit 0 .   

5. Conclusions and Further Directions 

The methodology we proposed in this article tries to respond to an actual necessity, 

the need to discover knowledge from databases where the notion of “time” represents 

an important issue. We proposed to represent this knowledge in the form of general 



Horn clauses, a more comprehensible form for a final user without sophisticated 

statistical background. A formalism based on first-order temporal logic tries to give a 

theoretical support to the main terms “event” and “temporal rule”. To obtain the 

“temporal rules”, a discretisation phase that extracts “events” from raw data is applied 

first, followed by an inference phase, which constructs classification trees from these 

events. The discrete and continuous characteristics of an “event” allow us to use 

statistical tools as well as techniques from artificial intelligence on the same data. 

To capture the correlation between events over time, a specific procedure for the 

construction of a training set is proposed. This procedure depends on three 

parameters. Among others, the so-called history controls the time window of the 

temporal rules. We wish also to emphasis the fact that our methodology represents, at 

this moment, just an alternative to others procedures and methods for the extraction of 

knowledge from time series databases. In order to analyze the quality of the final 

temporal rules, it is necessary to conduct comparative experiments, using different 

methods, on the same databases. Finally, we are also interested in an open question, 

which is strictly connected to the temporal characteristics of the data: At what 

moment in time, a specific rule is no longer applicable?  
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